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The many-body Schrödinger dynamics of a one-dimensional bosonic Josephson junction is inves-
tigated for up to ten thousand bosons and long times. The initial states are fully condensed and the
interaction strength is weak. We report on a universal fragmentation dynamics on the many-body
level: systems consisting of different numbers of particles fragment to the same value at constant
mean-field interaction strength. The phenomenon manifests itself in observables such as the corre-
lation functions of the system. We explain this universal fragmentation dynamics analytically based
on the Bose-Hubbard model. We thereby show that the extent to which many-body effects become
important at later times depends crucially on the initial state. Even for arbitrarily large particle
numbers and arbitrarily weak interaction strength the dynamics is many-body in nature and the
fragmentation universal. There is no weakly interacting limit where the Gross-Pitaevskii mean-field
is valid for long times.
PACS numbers: 05.60.Gg,03.75.Kk,05.30.Jp,03.65.-w
I. INTRODUCTION
Over the last few years ultracold bosons in double-
well potentials have allowed the exploration of quan-
tum many-body dynamics in a highly controllable man-
ner. Among the phenomena predicted or observed are
tunneling and self-trapping [1–5], Josephson oscillations
[2–5], collapse and revival sequences [1], squeezing [6],
and matter wave interferometry [7], to name a few.
While tunneling, self-trapping and Josephson oscillations
have explanations on the mean-field level, other phenom-
ena, e.g., collapse and revival sequences and fragmen-
tation dynamics require many-body treatments such as
the Bose-Hubbard model [1] or even the full many-body
Schrödinger equation [8, 9]. Of particular relevance to
this work is condensate fragmentation [10, 11], i.e. the
occurrence of several macroscopically occupied quantum
states as opposed to conventional Bose-Einstein conden-
sation with just one macroscopically occupied state [12].
Condensate fragmentation has been predicted to occur
[8, 13–16] and observed in the ground state [17], see also
[6] in this context. It is a many-boson phenomenon due
to interparticle interactions. Generally, stronger inter-
actions lead to more fragmentation, but the question to
what extent a condensate fragments usually depends in-
tricately on the number of bosons and the interaction
strength.
In bosonic Josephson junctions self-trapping – the in-
hibition of tunneling due to interparticle interactions –
occurs from a critical value of the interaction strength on-
wards within two-mode Gross-Pitaevskii mean-field the-
ory [1, 2]. This critical value provides a reference point for
the importance of interactions in the system. Two-mode
GP mean-field theory was successfully applied in the de-
scription of bosonic Josephson junction experiments at
short time scales [3–5]. However, for longer times the
dynamics can leave the realm of mean-field theory and
make a many-body description necessary, see, e.g., Refs.
[1, 8, 18, 33].
This paper contains the following main results. Firstly,
we investigate the long-time many-body dynamics of
large Bose-Einstein condensates (BECs) of up to ten
thousand bosons. To this end we solve the time-
dependent many-body Schrödinger equation numerically
for initially fully condensed BECs in a one-dimensional
bosonic Josephson junction. We consider interaction
strengths that are so weak that self-trapping cannot oc-
cur. We report on the existence of a universal many-
body fragmentation dynamics in bosonic Josephson junc-
tions: systems consisting of different numbers of bosons
all fragment to the same value at fixed mean-field in-
teraction strength. The occurrence of such a universal
many-body dynamics is unexpected and is shown here
explicitly based on the many-body Schrödinger equation
for up to 10000 bosons. The phenomenon manifests itself
in observables, such as the correlation functions.
Secondly, using the Bose-Hubbard (BH) model we ex-
plain analytically how the universal fragmentation dy-
namics depends on the initial state and its occurrence
for arbitrarily large numbers of particles and arbitrar-
ily weak mean-field interaction strength. We show that
for a whole class of condensed initial states the analyt-
ical calculations allow for precise predictions about the
fragmentation of the BEC after the collapse of the den-
sity oscillations and thus about the extent to which the
many-body dynamics remains within the realm of mean-
field. We thereby show that there is no limit for which
GP theory remains valid at long times.
2II. THEORETICAL FRAMEWORK
In this section we introduce the theoretical methods
and quantities used in this work to explore the dynam-
ics of a one-dimensional bosonic Josephson junction. In
the following we suppress the time argument whenever
possible.
A. Many-body Hamiltonian, wavefunction and
parameters
It is convenient to use dimensionless units defined by
dividing the Hamiltonian by ~
2
mL2
, where m is the mass
of a boson and L is a length scale. The full many-body
Hamiltonian then reads
H =
N∑
i=1
h(xi) +
∑
i<j
W (xi − xj), (1)
where h(x) = − 12 ∂
2
∂x2
+ V (x) with a trapping potential
V (x) and an interparticle interaction potential W (x −
x′) = λ0δ(x − x′). For the potential V (x) we choose
a double-well constructed by connecting two harmonic
potentials
V±(x) =
1
2
(x ± 2)2 (2)
with a natural cubic spline at |x| = 0.5. This uniquely
defines the external potential V (x). The even-symmetry
ground state φg and odd-symmetry excited state φu of
the one-particle double-well Hamiltonian h(x) allow to
define several commonly used parameters. First two left-
and right-localized Wannier functions
φL,R =
1√
2
(φg ± φu) (3)
are constructed. This defines the hopping parameter
J = −〈φL|h|φR〉 = 2.2334× 10−2, (4)
as well as the interaction parameter
U = λ0
∫
dx|φL(x)|4 (5)
and the single particle tunneling time scale tRabi =
π/J = 140.66.
In second quantization the Hamiltonian (1) of the
many-boson system reads
Hˆ =
∫
dx Ψˆ†(x)h(x)Ψˆ(x)+
λ0
2
∫
dx Ψˆ†(x)Ψˆ†(x)Ψˆ(x)Ψˆ(x).
(6)
The theoretical approaches employed in this work,
namely the Bose-Hubbard model (dimer) and the mul-
ticonfigurational time-dependent Hartree for bosons
(MCTDHB) method [20] can be derived from different
truncations of the field operator
Ψˆ(x) =
∑
j
bˆjφj(x). (7)
Here, {φj(x)} denotes a complete orthonormal set of or-
bitals, bˆj annihilates a boson in φj(x) and [bˆi, bˆ
†
j ] = δij .
In practice, the infinite set {φj(x)} is truncated to a fi-
nite number M . Associated with a truncation of the
field operator toM terms is an expansion of the N -boson
wavefunction
|Ψ〉 =
∑
~n
C~n|~n〉, (8)
with expansion coefficients C~n and basis vectors
|~n〉 = bˆ
†n1
1 bˆ
†n2
2 · · · bˆ†nMM√
n1!n2! · · ·nM !
|0〉. (9)
Here, n1 + · · ·+nM = N is implied. There are
(
N+M−1
N
)
expansion coefficients C~n.
B. Bose-Einstein condensation and fragmentation
For a given many-boson wavefunction |Ψ〉 all one-body
observables can be computed from the first-order reduced
density matrix
ρ(1)(x|x′) = 〈Ψ|Ψˆ†(x′)Ψˆ(x)|Ψ〉
=
∑
ij
ρijφj(x)φ
∗
i (x
′)
=
∑
i
n
(1)
i α
(1)
i (x)α
(1)∗
i (x
′), (10)
where ρij = 〈Ψ|bˆ†i bˆj |Ψ〉 and the eigenfunctions α(1)i (x)
and eigenvalues n
(1)
1 ≥ n(1)2 ≥ . . . are known as natu-
ral orbitals and natural occupations, respectively. The
natural occupations satisfy
∑
i n
(1)
i = N and the single-
particle density is given by
ρ(x) = ρ(1)(x|x). (11)
Bose-Einstein condensation is defined as follows: if only
one nonzero eigenvalue n
(1)
1 = O(N) exists, the system is
condensed [12]. If there is more than one such eigenvalue,
the BEC is said to be fragmented [10, 13–15, 27].
For our purposes it is convenient to quantify fragmen-
tation using the quantity
f =
1
N
∑
i>1
n
(1)
i (12)
which we refer to as the fragmentation for simplicity. For
fully condensed states, i.e. n
(1)
1 = N , one finds f = 0,
3whereas 0 ≤ f < 1 in general. Truncating the field oper-
ator to M terms leads to an M by M first-order reduced
density matrix ρij , implying f ≤ M−1M . Fragmentation
manifests itself in correlation functions and fringe visibil-
ities [27]. Several experiments have measured the effects
of fragmentation, see for instance [6, 17, 30].
In the strict sense the definition of BEC given above
makes use of the thermodynamic limit [12]. It is never-
theless common practice to apply it also to finite, trapped
systems, such as those realized in experiments [11].
In the thermodynamic limit Bose-Einstein condensa-
tion has been interpreted as the largest eigenvalue of the
one-particle reduced density matrix, n
(1)
1 being an exten-
sive rather than an intensive quantity [12]. The fragmen-
tation f as defined in Eq. (12) would then be an intensive
quantity. This interpretation does not hold for trapped,
finite systems: the ground states of some trapped, inter-
acting BECs of finite size are known to be fragmented, i.e.
f > 0, see, e.g., [6, 13–17]. However, it can be rigorously
proven that f = 0 for the ground states of trapped BECs
at any finite mean-field interaction strength λ0(N −1) in
the limit N →∞ [32]. Thus, fragmentation is dependent
on N and cannot be interpreted as an intensive quantity
in trapped finite systems. In nonequilibrium dynamics
problems, which we discuss in this work, the fragmen-
tation generally does not only change with the particle
number and mean-field interaction strength, but also in
time.
C. Probability in the left well and correlation
functions
In the dynamics of Bose-Einstein condensates in
double-well potentials it is instructive to consider the in-
tegral over the probability density in the left half of the
double-well potential
pL(t) =
1
N
∫ 0
−∞
ρ(x; t)dx. (13)
The probability in the right half of space then follows
from normalization pR(t) = 1− pL(t).
Correlation functions can be derived from the reduced
density matrices of all orders, e.g. the single-particle mo-
mentum distribution and the single-particle density de-
rive from the first-order reduced density matrix, Eq (10).
It is possible to answer the question whether a conden-
sate is fragmented or not from the simultaneous mea-
surement of the single-particle density and momentum
distribution.
However, second-order correlation functions are partic-
ularly appealing because they provide the answer to this
question through the measurement of a single quantity.
Second-order correlation functions of Bose-Einstein con-
densate have been measured in many recent experiments
see, e.g., Refs. [29–31].
The momentum correlation function is defined as
g(2)(k, k′) =
ρ(k, k′)
ρ(k)ρ(k′)
, (14)
where
ρ(k) = 〈Ψ|Ψˆ†(k)Ψˆ(k)|Ψ〉 (15)
is the single-particle and
ρ(k, k′) = 〈Ψ|Ψˆ†(k)Ψˆ†(k′)Ψˆ(k′)Ψˆ(k)|Ψ〉 (16)
the two-particle momentum distribution. For fully con-
densed states the momentum correlation function is con-
stant, g(2)(k, k′) = 1− 1/N , indicating that there are no
correlations between momenta, see, e.g., [27, 28]. The
presence of momentum correlations in BECs therefore
indicates unambiguously the presence of fragmentation.
D. Bose-Hubbard model
A popular many-body model for the description of
bosons in a symmetric double-well is the BH model for
two sites. The BH Hamiltonian for a double-well poten-
tial can be obtained explicitly from Eq. (6) by restricting
the field operator to a sum of only two terms
Ψˆ(x) = bˆLφL(x) + bˆRφR(x). (17)
using the left- and right-localized Wannier functions, Eq.
(3).
By substituting Eq. (17) into the many-body Hamil-
tonian (6), neglecting the off-diagonal interaction terms
(e.g., bˆ†Lbˆ
†
LbˆLbˆR), and by eliminating the diagonal one-
body terms (e.g., bˆ†RbˆR), one readily arrives at the Bose-
Hubbard Hamiltonian
HˆBH = −J
(
bˆ†LbˆR + bˆ
†
RbˆL
)
+
U
2
(
bˆ†Lbˆ
†
LbˆLbˆL + bˆ
†
Rbˆ
†
RbˆRbˆR
)
.
(18)
The Bose-Hubbard Hamiltonian describes the evolution
of the many-particle system in the space restricted to two
localized time-independent modes. The Bose-Hubbard
time-dependent N -boson wavefunction takes on the form
|ΨBH(t)〉 =
N∑
nL=0
CnL(t)|nL, N − nL〉, (19)
where the time-dependent coefficients {CnL(t)} govern-
ing the evolution of the junction are simply obtained from
the first-order equation
HˆBH |ΨBH(t)〉 = i|Ψ˙BH(t)〉. (20)
{|nL, N−nL〉} are the Fock states assembled from the two
‘modes’ bˆ†L and bˆ
†
R. Within the BH model the probability
4in the left well, Eq. (13), is conventionally identified with
the occupation of the orbital φL
pL(t) =
1
N
〈ΨBH(t)|bˆ†LbˆL|ΨBH(t)〉. (21)
The field operator contains only M = 2 terms in the
BH model and thus the fragmentation of the BEC re-
duces here to the occupation of the second natural or-
bital, f = n
(1)
2 /N ≤ 50%. Note that in the full many-
body Schrödinger dynamics of bosonic Josephson junc-
tions more than two natural orbitals can become occu-
pied [8].
The dynamics governed by the Bose-Hubbard Hamilto-
nian occurs solely on the lowest band of the one-particle
double-well problem. This emanates from Eq. (17),
namely from retaining the first two terms only in the
expansion of the field operator. It is in principle possible
to retain more terms and include also higher band Wan-
nier functions. This results in multi-band Bose-Hubbard
models which approach the full many-particle Hamilto-
nian (6) with increasing number of included bands. How-
ever, in general many Wannier functions (Bloch bands)
are needed to faithfully represent the full many-particle
Hamiltonian (6) particularly when time-dependent phe-
nomena are investigated.
E. Multiconfigurational time-dependent Hartree
for bosons (MCTDHB)
In order to compute the time-evolution of the many-
body Schrödinger equation we use the multiconfigura-
tional time-dependent Hartree for bosons (MCTDHB)
method, see Ref. [20] for theory and implementation and
Refs. [8, 9, 24–26] for applications. In short, the MCT-
DHB method employs variational time-adaptive orbitals
in the expansion of the many-boson wavefunction. With
increasing number of orbitals the method converges to
the exact many-body Schrödinger result [8, 9, 25], as was
also shown by comparison to an exactly-solvable many-
body model [26].
A faithful representation of the full many-body Hamil-
tonian (6) using time-independent orbitals often requires
truncating the field operator (7) after a large num-
ber of terms. Even for few bosons this leads to pro-
hibitively large Fock spaces. In the MCTDHB method
time-dependent orbitals are used as opposed to the time-
independent ones in the expansion of the field operator
Ψˆ(x) =
M∑
j=1
bˆj(t)φj(x, t). (22)
The orbitals are determined from the time-dependent
variational principle. We briefly review the key features
of the MCTDHB method.
Consider M time-adaptive orbitals. When distribut-
ing N bosons over the M orbitals the resulting time-
dependent many-boson wavefunction reads:
|Ψ(t)〉 =
∑
~n
C~n(t)|~n; t〉. (23)
In Eq. (23) the {C~n(t)} are the time-dependent expan-
sion coefficients and {|~n; t〉} the time-dependent perma-
nents (symmetrized Hartree products) built from the M
time-dependent orbitals {φj(x, t)}.
In the MCTDHB method the coefficients {C~n(t)} and
the orbitals {φj(x, t)} of the many-boson wavefunction
(23) are determined by the time-dependent variational
principle. Explicitly, the MCTDHB equations of motion
are derived by requiring stationarity of the many-body
Schrödinger action functional
S[{C~n(t)}, {φj(x, t)}] =
∫
dt
{
〈Ψ(t)|Hˆ − i ∂
∂t
|Ψ(t)〉
−
M∑
k,j=1
µkj(t)[〈φk |φj〉 − δkj ]
}
(24)
with respect to variations of the time-dependent expan-
sion coefficients {C~n(t)} and orbitals {φj(x, t)}. Here,
{µkj(t)} are time-dependent Lagrange multipliers which
ensure the orthonormality of the orbitals throughout
their propagation in time. The derivation is quite lengthy
but otherwise straightforward, see [20] for details. Here
we quote the final result for the MCTDHB equations
of motion for the interaction potential W (x − x′) =
λ0δ(x − x′) which read:
i|φ˙j〉 = Pˆ

h|φj〉+ λ0 M∑
k,s,l,q=1
{ρ(t)}−1jk ρkslqφ∗sφl|φq〉

 ,
(25)
with j = 1, . . . ,M for the time-dependent orbitals and
H(t)C(t) = iC˙(t), H~n~n′(t) = 〈~n; t|Hˆ |~n′; t〉 (26)
for the expansion coefficients. Here, Pˆ = 1 −∑M
u=1 |φu〉〈φu| is a projector operator on the complemen-
tary space of the time-adaptive orbitals, ρ(t) the reduced
one-particle density matrix, {ρkslq} the elements of the
two-particle reduced density matrix, and C(t) = {C~n(t)}
the vector of expansion coefficients.
The use of M optimized time-dependent orbitals leads
to much faster numerical convergence to the full many-
body Schrödinger results than an expansion in M time-
independent orbitals. Thereby, problems involving large
numbers of bosons can be solved on the full-many-body
Schrödinger level. Indeed, numerical convergence to
the exact time-dependent solution of the many-boson
Schrödinger equation in closed [8] and open [23] trap
potentials has been reported, as well as benchmarking
against an exactly-solvable many-boson model [26]. For
5more details see [20]. The MCTDHB method has been
cast as an efficient algorithm into a software package [21].
In practice, Eq. (26) is simplified by a mapping of the
configuration space [22] which enables the efficient han-
dling of millions of time-adaptive permanents [21].
F. Gross-Pitaevskii mean-field
One particular limiting case of the MCTDHB method
deserves special attention: namely the case where only
a single time-dependent orbital is used in the expansion
of the field operator Eq. (22) and the many-body wave-
function Eq. (23), i.e. when M = 1. In this case all
particles occupy the same time-dependent orbital φ(x, t)
at all times, i.e. there is only ever a single coefficient
C~n and the solution of Eq. (26) becomes trivial. Thus,
only Eq. (25) needs to be solved which differs from the
well-known Gross-Pitaevskii mean-field equation
iφ˙(x, t) = [h(x) + λ0(N − 1)|φ(x, t)|2]φ(x, t). (27)
only by an irrelevant overall phase. In other words, for
M = 1 the MCTDHB method reduces to GP mean-field
theory. In GP theory the only free parameter is
λ = λ0(N − 1) (28)
which is known as the mean-field interaction strength.
In GP mean-field theory systems consisting of different
numbers of particles, but with the same value of λ lead to
identical dynamics. Note that increasing N at constant
λ implies a decreasing interaction strength λ0.
By approximating the time-dependent Gross-
Pitaevskii orbital as
φ(x, t) = aL(t)φL(x) + aR(t)φR(x) (29)
with |aL|2 + |aR|2 = 1 a two-mode GP mean-field model
can be derived [1, 2]. The model maps the dynamics
of the BEC onto that of a classical nonrigid pendulum.
Within the two-mode GP mean-field model the parame-
ter
Λ =
U(N − 1)
2J
(30)
plays an important role. Self-trapping, i.e. the inhibition
of tunneling becomes possible if Λ ≥ Λc = 2 [1, 2]. The
parameter Λ is proportional to the mean-field interaction
strength λ, see Eq. (5).
III. RESULTS
In this section we show that there is an unexpected
universal dynamics on the full many-body Schrödinger
level. We explain this universal many-body dynamics
analytically and numerically using the BH model.
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Figure 1. (color online): Universality of the many-body
Schrödinger fragmentation dynamics. Top: shown is the
probability in the left potential well pL(t) as a function of
time for different numbers of particles. For all particle num-
bers the initial state is fully condensed, all bosons are in the
left well pL(0) = 1.0, and the mean-field interaction strength
is λ = 0.152 (Λ = 1.33). As the BECs tunnel back and forth
through the barrier, the density oscillations collapse. Parti-
cle numbers: N=100 (blue), 1000 (magenta), 10000 (orange).
Bottom: shown are the corresponding natural occupations
n
(1)
i /N as a function of time. The grey lines represent parti-
cle numbers in between: N=200, 500, 2000 and 5000. Only
two natural occupations n
(1)
1 and n
(1)
2 become significantly
occupied in the dynamics. Thus, the fragmentation f is given
here by f ≈ n
(1)
2 /N , see Eq. (12). The fragmentation reaches
a plateau at f = fcol = 34% after the collapse of the density
oscillations for all particle numbers. The nature of the BEC
changes from condensed to fragmented. All quantities shown
are dimensionless.
A. Many-body Schrödinger dynamics
In the following we study the many-body Schrödinger
dynamics in the bosonic Josephson junction for differ-
ent particle numbers. We choose fully condensed ini-
tial states which are the GP ground states of the po-
tential V+(x). Thus, initially the BECs are located in
the left well. For each particle number N the interaction
strength λ0 is chosen such that the mean-field interaction
strength λ, defined in Eq. (28), is constant. We begin
with λ = 0.152 which corresponds to Λ = 1.33, well be-
low the critical value Λc = 2 for self-trapping [1, 2].
6Fig. 1 (top) shows the probability in the left well pL(t)
as a function of time for N = 100 − 10000 bosons. The
density tunnels back and forth through the potential bar-
rier. However, the amplitude of the oscillations decreases
and eventually the oscillations collapse. With increasing
particle number the collapse occurs at later times. It is
well known that the collapse is present in the many-body
dynamics, but not within GP mean-field theory [1, 8].
We will therefore investigate the many-body nature of
the BEC during the collapse in more detail.
In Fig. 1 (bottom) the corresponding natural occu-
pations are shown. Since the many-body wavefunction
is initially condensed, there is only one natural occupa-
tion n
(1)
1 = N at t = 0 and the fragmentation f is zero,
see Eq. (12). However, as the condensate tunnels back
and forth through the barrier a second natural orbital
becomes occupied. The nature of the BEC changes from
condensed to fragmented as the density oscillations col-
lapse. We stress that these results represent the many-
body Schrödinger dynamics of the Hamiltonian (1).
For the smallest particle number, N = 100 bosons,
M = 4 orbitals were used in the MCTDHB computa-
tion and the result is numerically exact. However, only
M = 2 time-dependent variationally optimized orbitals
are needed here: there is only a small quantitative differ-
ence between computations with M = 4 and M = 2 or-
bitals. Until time t = 30tRabi the occupations of the third
and fourth natural orbitals together stay below 0.1% and
are not shown in Fig. 1. Therefore, M = 2 orbitals were
used in all computations for larger particle numbers.
From Fig. 1 (bottom) we see that the fragmentation
dynamics is universal in the following sense: at con-
stant mean-field interaction strength λ systems consist-
ing of different numbers of bosons fragment to the same
value during the collapse of the density oscillations. The
two largest natural occupations reach plateaus at about
n
(1)
1 /N = 66% and n
(1)
2 /N = 34%. Using Eq. (12) we
find for the fragmentation after the collapse of the density
oscillations f = 34% regardless of the number of parti-
cles involved. From now on we refer to the fragmentation
after the collapse of the density oscillations as fcol.
This universal behavior is fundamentally different from
that within GP theory, where the dynamics is strictly
identical for all systems with the same value of λ, re-
gardless of the number of particles, see Sec. II F. The
GP mean-field approximation excludes any possibility for
fragmentation. Here, we report on a universal fragmenta-
tion dynamics which occurs naturally on the many-body
level, i.e., without being enforced by an approximation.
Fragmentation of condensates is usually strongly depen-
dent on the number of particles in the system [8, 13–16],
see also the discussion of Ref. [32] in Sec. II B in this con-
text. Hence, the appearance of a universal fragmentation
dynamics is highly unexpected.
We note that the times until a given fragmentation is
reached increases only logarithmically with the number
of particles, implying that the phenomenon occurs also
for large particle numbers. Details on this logarithmic
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Figure 2. (color online): Universality of the many-body
Schrödinger two-particle momentum correlations. Shown is
the momentum correlation function g(2)(k, k′) at different
times for two of the cases shown in Fig. 1. Top row: N = 100
bosons. Initially the system is condensed and there are no
correlations (leftmost panel). During the collapse of the den-
sity oscillations correlations build up and the momentum cor-
relation function varies rapidly in time (second panel). For
t ≥ 7tRabi the density oscillations have collapsed, see Fig. 1
(top). The structure of g(2)(k, k′) remains practically con-
stant in time then (third and fourth panel). Bottom Row:
Same as top row, but for N = 1000 bosons. The collapse
takes until about t = 20tRabi for this larger particle number
and the structure of g(2)(k, k′) becomes constant from then
on (fourth panel). The values of g(2)(k, k′) after the collapse
are the same for both particle numbers and show how the uni-
versality of fragmentation leads to the universality of directly
observable quantities. All quantities shown are dimensionless.
scaling are given in appendix A.
In order to establish how the universality of fragmen-
tation can be observed, we focus on the momentum cor-
relation function g(2)(k, k′). Fig. 2 shows g(2)(k, k′)
at different times for N = 100 and N = 1000 bosons.
The initial state is condensed n
(1)
1 = N and therefore
g(2)(k, k′) = 1 − 1/N , i.e. g(2)(k, k′) is completely flat.
As the system starts to fragment, correlations between
particles build up and g(2)(k, k′) exhibits a time-varying
structure. However, once the density oscillations have
collapsed g(2)(k, k′) is nearly constant in time. It is
clearly seen from the rightmost panels that the momen-
tum correlation functions for N = 100 and N = 1000
bosons are the same then. This is the case for all particle
numbers considered in this work. Thus, the universal-
ity of fragmentation manifests itself unambiguously as a
measurable universality of momentum correlations.
The periodic spacing of g(2)(k, k′) in the rightmost pan-
els is determined by the distance d = 4 between the two
wells of the double well potential. This becomes clear
by considering an analytical model for a fragmented con-
densate consisting of two fragments of N/2 bosons lo-
cated in the left and right wells with equal occupations
7n
(1)
1 /N = n
(1)
2 /N = 50%. For such a condensate one finds
g(2)(k, k′) ∝ 1+N/(N−1) cos[(k−k′)d]/2, see Ref. [27],
i.e. g(2)(k, k′) becomes periodic in k and k′ with period
2π/d. The case shown in Fig. 2 is more complicated and
lies in between the extremes of a fully condensed state
with a flat g(2)(k, k′) and the fragmented model state de-
scribed above. However, the periodicity of g(2)(k, k′) in
k and k′ with period π/2 is already clearly visible.
B. Bose-Hubbard dynamics
So far we have established the universality of fragmen-
tation of the many-body Schrödinger dynamics. We will
now use a simple model to show that the universality of
fragmentation is a general many-body phenomenon that
exists for a wide range of initial conditions and explain its
origin. As a model we use the two-mode BH Hamiltonian
Eq. (18).
We consider the family of condensed initial states given
by
|Ψ0〉 = 1√
N !
(√
pL(0)b
†
L +
√
pR(0)b
†
R
)N
|0〉 (31)
and begin by choosing parameter values corresponding to
the case considered in the previous section for the many-
body Schrödinger dynamics, λ = 0.152 (Λ = 1.33). For
the initial states Eq. (31) we solve the dynamics using the
BH Hamiltonian (18). We find that for the entire family
of initial states |Ψ0〉 with 0 ≤ pL(0) ≤ 1, BECs consist-
ing of different numbers of particles fragment to the same
value fcol during the collapse of the density oscillations.
Thus, also the BH fragmentation dynamics is universal.
This can be seen in Fig. 3 (left) where the BH fragmen-
tation is shown as a function of time for N = 1000 and
10000 bosons. The fragmentation of initial states with
pL(0) = 1.0 reaches a plateau at about fcol = 32%, not
far from the many-body Schrödinger result 34%, see Fig.
1 (bottom). Similarly, initial states with pL(0) = 0.8
fragment towards the value fcol = 16%. Thus, the uni-
versality of fragmentation is a general phenomenon which
exists for a whole family of initially-condensed systems.
Since fragmentation is a phenomenon that occurs due
to interparticle interactions, we now investigate whether
the universality of fragmentation is robust with respect
to reducing the interaction strength. For this purpose we
consider an interaction strength that is ten times smaller,
λ = 0.0152 (Λ = 0.133). The results for the fragmenta-
tion as a function of time are shown in Fig. 4 (left). Anal-
ogous to Fig. 3 the dynamics is shown for the two con-
densed initial states with pL(0) = 1.0 and pL(0) = 0.8.
As in the case for stronger interaction we find that
BECs with different particle numbers fragment to the
same value in the course of time. Condensed initial
states with all particles in the left well, pL(0) = 1.0, now
fragment to about fcol = 48.3% which is higher than
for stronger interaction. Condensed initial states with
pL(0) = 0.8 fragment to about fcol = 10.6% which is
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Figure 3. (color online): Universality of the Bose-Hubbard
fragmentation dynamics. Left panel: Shown is the fragmen-
tation f as a function of time for different condensed ini-
tial states and for different numbers of particles. The initial
states |Ψ0〉 are defined in Eq. (31). The mean-field inter-
action strength is the same as in Fig. 1 for all particle num-
bers. For initial states with pL(0) = 1.0 the BH fragmentation
reaches a plateau after the collapse of the density oscillations
at f = fcol = 32%, not far from the many-body Schrödinger
result, see Fig. 1. The approximative formula for Λ≪ 1, Eq.
(47), predicts fcol = 1/2 − Λ/8 = 33.3%, which is also very
close. Similarly, for condensed initial states with pL(0) = 0.8
a plateau is reached at f = fcol = 16%. Parameter values:
N = 1000, pL(0) = 1.0 : •; N = 1000, pL(0) = 0.8 : ⊙;
N = 10000, pL(0) = 1.0 : ; N = 10000, pL(0) = 0.8 : ⊡.
Right panel: for each eigenstate |En〉 of the BH model its
fragmentation fn is shown as a function of the eigenstate en-
ergy per particle En/N . Curves for different particle numbers
lie on top of each other (N=1000: ⊙; N=10000: ⊡). The
shaded areas underneath represent the distributions of coef-
ficients Cn = 〈En|Ψ0〉 of the initial states discussed above
(N=1000: blue; N=10000: red; pL(0)=0.8: distributions on
the left ; pL(0)=1.0: distributions on the right). The distribu-
tions are sharply peaked around the index n = nmax for which
the eigenstate energy En equals the energy of the initial state
E (vertical lines). The corresponding eigenstate fragmenta-
tion fnmax is indicated as well. The analytical result (solid
black line) for the eigenstate fragmentation fn as function of
the eigenstate energy En is also shown and approximates the
numerical one well. Comparing the left and right panel it is
seen that fcol = fnmax . This connection between the initial
state and the fragmentation after the collapse of the density
oscillations holds numerically for the entire family of initial
states |Ψ0〉 and is predicted analytically by Eq. (46). See text
for details. All quantities shown are dimensionless.
lower than for stronger interaction. Note that the time
scale is now roughly ten times larger for this interaction
strength. Nevertheless, even for large particle numbers
the BECs eventually fragment to the same value. Thus,
the BH dynamics is universal and many-body in nature
over a wide range of interaction strengths.
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Figure 4. (color online). Universality of the Bose-Hubbard
fragmentation dynamics for weaker interaction. The mean-
field interaction strength is now ten-times smaller, λ = 0.0152
(Λ = 0.133). Left panel: as in Fig. 3. The fragmen-
tation after the collapse of the density oscillations is now
f = fcol = 48.3% for initial states with pL(0) = 1.0. Here,
the approximative formula for Λ ≪ 1, Eq. (47), predicts
fcol = 1/2−Λ/8 = 48.3% and agrees perfectly with the data.
For initial states with pL(0) = 0.8 one finds f = fcol = 10.6%.
These values are, respectively, higher and lower than for
stronger interaction. Note the different, slower time scale
compared to the case of stronger interaction. Right panel:
as in Fig. 3. The analytical result (solid black line) for the
eigenstate fragmentation fn as function of the eigenstate en-
ergy En provides an excellent approximation to the numerical
one here. By comparing the left and right panels one again
finds numerically that fcol = fnmax for the entire family of
condensed initial states |Ψ0〉, as predicted analytically by Eq.
(46). All quantities shown are dimensionless.
C. Analytical prediction of the universality of
fragmentation
In this section we provide an analytical explanation of
the universality of fragmentation based on the BH model.
To this end we calculate approximatively the elements
of the BH first-order reduced-density matrix, Eq. (10),
after the collapse of the density oscillations, diagonalize
the matrix to obtain the eigenvalues n
(1)
i and calculate
the fragmentation.
We consider the family of initial states given by Eq.
(31). The energy of the initial state E = 〈Ψ0|HBH |Ψ0〉
can be evaluated and yields
E = −2NJ
√
pL(0)pR(0) +
UN(N − 1)
2
(pL(0)
2 + pR(0)
2).
(32)
Next, we consider the spectrum of the BH Hamiltonian
HˆBH |En〉 = En|En〉. (33)
and note that all eigenstates are parity eigenstates
Pˆ |En〉 = ±|En〉 because the potential V (x) is symmet-
ric. The time-dependent BH wave function |Ψ(t)〉 can be
expanded in the BH eigenstates |En〉
|Ψ(t)〉 =
N∑
m=0
Cn|En〉e−iEnt (34)
with coefficients Cn = 〈En|Ψ(0)〉. By treating the in-
teraction as a perturbation to the noninteracting system
the first-order perturbative expression for the BH energy
eigenvalues reads
En = −J(N − 2n) + U
2
(N − n)n+ UN(N − 1)
4
. (35)
For a noninteracting system the coefficients Cn are bino-
mially distributed with a width ∼ 1/√N , i.e. the distri-
bution becomes sharply peaked for N ≫ 1. The energy
levels are equidistantly spaced En+1 − En = 2J . Thus,
in the noninteracting case the system of bosons always
returns precisely to its initial state after a time interval
of π/J = tRabi, regardless of its initial state. However, a
nonzero interaction modifies the energy spectrum, shifts
the distribution of the Cn and causes the contributions
from different eigenstates to dephase in time. This leads
eventually to the collapse of the density oscillations.
Assuming that the distribution of coefficients Cn also
remains sharply peaked around a value nmax in the in-
teracting case, the location of the maximum of the dis-
tribution can be determined by requiring that the energy
of the initial state equals the energy of a BH eigenstate.
By equating Eqs. (35) and (32) one finds
nmax
N
=
1
2
+
1
Λ
−√
1
Λ2
+
2
√
pL(0)pR(0)
Λ
+
3
4
− (pL(0)2 + pR(0)2)
(36)
in the limit where N − 1 ≈ N . Using bˆL,R = 1√2 (bˆg ± bˆu)
and nˆi = bˆ
†
i bˆi the elements of the first-order reduced
density matrix read
ρLL(t) =
1
2
〈Ψ(t)|nˆg + nˆu + bˆ†ubˆg + bˆ†g bˆu|Ψ(t)〉 (37)
ρRR(t) =
1
2
〈Ψ(t)|nˆg + nˆu − bˆ†ubˆg − bˆ†g bˆu|Ψ(t)〉 (38)
ρLR(t) =
1
2
〈Ψ(t)|nˆg − nˆu + bˆ†ubˆg − bˆ†g bˆu|Ψ(t)〉. (39)
Assuming that oscillatory terms average to zero and
using the fact that due to symmetry 〈En|bˆ†ubˆg|En〉 =
〈En|Pˆ †Pˆ bˆ†ubˆgPˆ †Pˆ |En〉 = −〈En|bˆ†ubˆg|En〉 = 0 one finds
〈Ψ(t)|bˆ†ubˆg|Ψ(t)〉 =∑
m 6=n
C∗mCn〈Em|bˆ†ubˆg|En〉ei(Em−En)t = 0, (40)
9and similarly
〈Ψ(t)|nˆu|Ψ(t)〉
=
∑
m,n
C∗mCn〈Em|nˆu|En〉ei(Em−En)t
=
∑
n
|Cn|2〈En|nˆu|En〉 ≈ nmax (41)
where in the last approximation it was used that the
coefficient distribution is sharply peaked at n = nmax.
Substituting Eqs. (40) and (41) into Eqs. (37), (38) and
(39) and using N = nu + ng one arrives at
ρLL = ρRR =
N
2
(42)
ρLR =
N
2
− nmax. (43)
By diagonalizing the matrix ρij one finds n
(1)
1,2 =
nmax, N − nmax and thus using Eq. (12)
fcol = min
[nmax
N
, 1− nmax
N
]
. (44)
The universality of fragmentation for different particle
numbers now follows directly from Eq. (36): the val-
ues for nmax/N and therefore for fcol depend on N only
through the parameter Λ and thus all systems with the
same value of Λ fragment to the same value fcol, regard-
less of the number of particles. We also note that the
fragmentation of each eigenstate |En〉 is given to lowest
order by
fn = min
[ n
N
, 1− n
N
]
. (45)
Therefore the fragmentation after the collapse of the den-
sity oscillations fcol given in Eq. (44) is the same as that
of the eigenstate around which the distribution of coeffi-
cients Cn is peaked, and thus
fcol = fnmax . (46)
It is instructive to expand Eq. (36) for two limiting
cases. If initially all particles are in one of the wells,
pL(0) = 1 or pL(0) = 0, and Λ≪ 1 Eq. (44) reduces to
fcol =
1
2
− Λ
8
, (47)
predicting strong fragmentation at arbitrarily weak in-
teraction strengths and for arbitrarily large numbers of
particles after the collapse of the density oscillations.
In contrast, for the initial state with equal numbers of
particles in both wells, pL(0) = pR(0) = 1/2, Eq. (36)
predicts nmax = 0 and according to Eq. (44)
fcol = 0, (48)
indicating that no fragmentation should occur. Thus,
whether or not the system of bosons fragments is ex-
pected to depend strongly on the initial state.
D. Numerical verification
In this section we test the analytical predictions of
the previous section. To this end we diagonalize the
BH Hamiltonian, Eq. (18), and evaluate the respective
quantities. The right panel of Fig. 3 shows the fragmen-
tation fn of each BH eigenstate as a function of its energy
per particle for N = 1000 and N = 10000 bosons. The
curves for different particle numbers lie on top of each
other. Also shown are the sharply peaked distributions
of the expansion coefficients Cn for the initial states with
pL(0) = 0.8 and pL(0) = 1.0. The values of the eigen-
state fragmentations fn at the peaks of the distributions
are shown as well. The solid black line represents the
approximative analytical result for the eigenstate frag-
mentations as a function of the perturbative energy per
particle, i.e. fn given by Eq. (45) as a function of En/N
with En given by Eq. (35). The analytic result provides
good approximation to the numerical one at this interac-
tion strength. By comparing the left and the right panels
of Fig. 3 it is clearly seen that fcol = fnmax , as expected
on the basis of Eq. (46).
The same is true for the case of ten-times weaker inter-
action strength, shown in Fig. 4. Comparing the analyt-
ical predictions in Figs. 3 and 4 it is clearly seen that for
weaker interaction strength the approximative analytical
results improve.
Lastly, we check the predictions of Eqs. (47) and (48).
For the initial states with pL(0) = 1 Eq. (47) predicts a
fragmentation after the collapse of fcol = 33.3% (48.3%)
for Λ = 1.33 (0.133) in good agreement with the nu-
merical values. We note that for the initial state with
pL(0) = 0.5 there are no density oscillations between
the two wells and thus there can also be no collapse.
Nevertheless, in agreement with Eq. (48) no appreciable
fragmentation occurs in the dynamics: numerically, one
finds that the fragmentation of the BH model oscillates
between 0% and 0.2%.
These results show that the fragmentation after the
collapse of the density oscillations fcol depends crucially
on the initial state: initial states with large differences
in particle numbers between the left and the right well
fragment strongly, even if Λ ≪ 1, i.e. if the mean-field
interaction strength λ is very small. Therefore, there is
no weakly interacting limit where the GP mean-field is
valid at long times. On the other hand, condensed initial
states with similar numbers of particles in both wells do
not fragment strongly in time.
IV. CONCLUSIONS
Summarizing, we have shown that there is a univer-
sal fragmentation dynamics in bosonic Josephson junc-
tions at weak interaction strengths by solving the time-
dependent many-boson Schrödinger equation. The phe-
nomenon can be detected, for instance, through a mea-
surement of the two-particle momentum correlation func-
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Figure 5. (color online): Many-body Schrödinger fragmenta-
tion times. Shown are the times tfrag that are needed to reach
a given fragmentation f as a function of the number of bosons
for the same parameters as in Fig. 1. The fragmentation val-
ues (crosses) are well described by a logarithmic fit function
(lines), here shown for the values f = 4%, 9%, . . . , 34%. This
logarithmic dependence of tfrag on the number of particles
implies the breakdown of GP mean-field theory even in the
limit of large particle numbers. See text for details. All quan-
tities shown are dimensionless.
tions. We have shown that the two-mode Bose-Hubbard
model approximates the many-body Schrödinger results
quite well here. The origin of the universal fragmentation
dynamics can be explained analytically and numerically
using the two-mode Bose-Hubbard model. We found that
the extent to which many-body effects become important
at later times depends crucially on the initial state. The
value of the fragmentation of initially condensed states
at later times can be precisely predicted analytically in
the limit of weak interactions. At arbitrarily weak in-
teraction strength and for arbitrarily large numbers of
particles there are condensed initial states that fragment
strongly. Thus, there is no weakly interacting limit where
the Gross-Pitaevskii mean-field is valid at long times.
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Appendix A: Logarithmic scaling of the
fragmentation time
Here we briefly discuss the time scales involved in the
Schrödinger fragmentation dynamics shown in Fig. 1.
We define the fragmentation time tfrag as the first time
at which a certain fragmentation f is reached. Fig. 5
shows tfrag as a function of N . Clearly, tfrag increases
with N . For any value of f , tfrag is well described by a
fit to the function t(N) = a ln(1 + bN), as is shown here
for the values f = 4%, 9%, ..., 34%. Thus, tfrag grows
logarithmically with N . Consequently, the fragmenta-
tion does not decrease or even disappear in the limit of
large N . Even for N = 10000 bosons the fragmenta-
tion rises to about 10% in less than a dozen tRabi. As
GP theory does not allow BECs to fragment at all, tfrag
defines a measure for the breakdown of mean-field the-
ory. Thus, we find here a logarithmic dependence of the
mean-field theory breakdown time on N based on the
time-dependent many-body Schrödinger dynamics. We
note that a logarithmic breakdown of mean-field theory
has been reported earlier based on the BH model [33].
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